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Determination of Spatial Amplification Factors and Their

Application to Predicting Transition

N. A. Jarrg,* T. T. OkamURA,T AND A. M. O. Smrrui
Douglas Aircraft Company, Long Beach, Calif.

A method for applying stability theory to the problem of predicting transition is described.
The Orr-Sommerfeld equation is employed to perform a stability analysis on laminar bound-
ary-layer velocity profiles that have been obtained numerically for two-dimensional and axi-
symmetric flows. An orthogonalization technique capable of handling Reynolds numbers,
based on displacement thickness, up to at least the order of 10° is used to obtain spatial ampli-
fication rates of small disturbances over a select frequency band at various streamwise loca-
tions. For each of the frequencies considered the amplification rate is integrated with re-
spect to surface distance downstream from the point of neutral stability in order to obtain
an amplification factor. The disturbance whose frequency produces a maximum amplifica-
tion factor at tranmsition is considered for correlation purposes. A partial examination of
currently available data from low freestream turbulence tests revealed a good correlation
between the observed location of transition and a maximum amplification factor of the order
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Nomenclature

a = amplification factor, ratio of amplitude of a disturbance
to its amplitude at neutral stability
complex velocity of Tollmien-Schlichting wave, non-
dimensionalized with respeet to u.
characteristic length, chord for airfoil
local Reynolds number based on boundary-layer thick-
ness, ued /v
freestream Reynolds number based on chord length,
UL /v
R, = local Reynolds number based on surface distance zx from
leading edge, uez«/»
= local Reynolds number based on displacement thickness,
Ud* /v
streamwise velocity component
dimensionless streamwise velocity component, u/u.
distance along surface, nondimensionalized with respect
to boundary-layer thickness, s /8
= distance normal to surface nondimensionalized with
respect to boundary-layer thickness, v« /8
= distance along surface nondimensionalized with respect
to chord length, z. /L
complex eigenvalue o, + s
spatial amplification rate, nondimensionalized with
respect to boundary-layer thickness, aix8
= wave number, nondimensionalized with respect to
boundary-layer thickness, a8
= boundary-layer thickness, where U = 0.999 in present
investigation
displacement thickness
Laplace operator
disturbance amplitude
particular eigenfunction solution (linear combination of
o's)
disturbance stream function
mean flow stream function
total stream function
kinematic viscosity
vorticity
dimensionless frequency, ws»/u.?
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Subscripts

e = edge of boundary layer :

7 = imaginary part of complex quantity

m = maximum value of function, i.e., ¢n

n = location of neutral stability

r = real part of complex quantity

tr = location of transition

w = wall

* = dimensional quantities indicated by ( )«
» = freestream

1. Introduction

HIS paper presents the results of an application of sta-
bility theory to the problem of locating boundary-layer
transition on axisymmetric or two-dimensional bodies having
arbitrary pressure distributions in incompressible flow. Dis-
turbances in the boundary layer that grow at the rate pre-
dicted by the Orr-Sommerfeld (O-S) equation are considered.
Wave solutions satisfying the O-S equation were obtained
by Tollmien and Schlichting! before such waves were ex-
perimentally observed. In the process of reducing turbu-
lence levels to very low values for transition studies on a
flat plate, Schubauer and Skramstad? observed such waves.
Apparently high turbulence levels in previous investigations
had obscured them. Subsequently Bennett,® using more
sophisticated techniques, observed Tollmien-Schlichting
waves in a tunnel whose turbulence level was as high as
u'/Us = 0.429; the turbulence level in the experiments of
Schubauer and Skramstad had been reduced to 0.059.
Since these waves have been observed under conditions of
low and intermediate turbulence levels and since in-flight
turbulence levels are very low, they may have bearing on the
transition process taking place in free flight.

The connection between stability theory and transition is
still largely unresolved; however, a semiempirical method
based on stability theory for predicting transition, developed
independently by Smith* and Van Ingen,? enjoyed a large
degree of success. The analysis in Refs. 4 and 5 was based
on the application of Pretsch’s® charts for the stability char-
acteristies of Falkner-Skan profiles having temporal disturb-
ances. However, the observed disturbances in the experi-
ments of Schubauer and Skramstad? and more recently
Klebanoff, Tidstrom, and Sargent” indicate transition arising
from the growth of spatial disturbances, and it is with the
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nature of this type of disturbance that the present investiga-
tion is concerned.

Various alternatives exist for bridging the gap between
temporal and spatial analyses. In Refs. 4 and 5 the phase
velocity ¢, obtained from a temporal analysis is used to ob-
tain the spatial growth rate by employing the following ex-
pression for the distance the disturbance travels over a
given time interval:

dr = c.dt

The foregoing is approximate since the group velocity ¢, should
be employed rather than the phase velocity. By neglecting
terms of order ¢, in comparison to ac;/c,, where « in the
temporal analysis is taken to be real and ac the frequency is
imaginary, Gaster® derives the following relation between
group and phase velocity:

¢y = ¢» + a(d¢,/0a) = (Ow,/da:)

In the present analysis ac is restricted to real values initially
and the imaginary part of «, a; automatically yields the
spatial growth rate of the disturbance.

In a sense, this study is a re-examination of the concepts
applied in Refs. 4 and 5; however, there are the following
significant differences: the stability analysis is performed
on exact laminar velocity profiles rather than on profiles
based on the assumption of similarity, spatial rather than
temporal disturbances are considered (the stability char-
acteristics of the two are identieal only for the case of neutral
stability), and a technique for obtaining more accurate eigen-
values than those given by Pretsch has been employed.

For many years the mathematical difficulties encountered
in stability analyses discouraged attempts to improve upon
Pretsch’s charts. On the one hand, the results obtained
by asymptotic analytic methods (applicable to high Reynolds
number flows) are severely restricted, and on the other hand,
numerical techniques become cumbersome with increasing
Reynolds number, thus yielding a large Reynolds number
range over which it is difficult to obtain stability data.
Advances in the application of numerical techniques have
eased this difficulty. Of note is the “purification scheme”
of Landahl and Kaplan® which can handle Reynolds numbers
based upon boundary-layer thickness up to 10% A more
preeise formulation of this procedure, the technique of Gram-
Schmidt orthogonalization®® has been applied by Wazzan,
Okamura, and Smith!!+12 and is capable of obtaining stability
characteristics of boundary-layer profiles up to Reynolds
numbers at least two orders of magnitude greater than
previous techniques. 'This technique has been incorporated
in the present study.

Recently Reshotko!? indicated the possibility of applying
stability theory as a guide to obtaining transition correla-
tions with supersonic test data. This work is mainly con-
cerned with the possibility of correlating the location of
transition (transition Reynolds number) with the point at
which the amplification rate of a given frequency is a maxi-
mum. In the present analysis the total integral of the
amplification rate from the point of neutral stability up to
the transition point is considered for correlation purposes
rather than a point value of this quantity. Moreover, dis-
turbance frequencies characteristic of a particular test facility
were considered in Ref. 13 whereas in the present investiga-
tion the frequency which maximizes the integral of the
amplification rate at transition is considered for correlation
purposes. The different approaches taken between this
investigation and that reported in Ref. 13 are due primarily
to the fact that the emphasis in the present study is on ob-
taining a suitable method for predicting transition under free
flight conditions whereas the emphasis in the latter investiga-
tion is on correlating wind-tunnel data.
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2. Analysis

In the present analysis a powerful numerical technique is
employed to obtain solutions to the O-S equation. The
stability analysis is performed on laminar velocity profiles
that have also been obtained numerically for incompressible
flow over two-dimensional or axisymmetric bodies. Dimen-
sionless velocity profiles [U = U(yx/6)] are obtained at
various streamwise locations for the body under consideration;
it is pointed out that only if the flow is similar will the funec-

" tion Ul(y«/0) be invariant with position along the body

surface.

In order to obtain disturbance amplification rates for a
given Reynolds number, the disturbance frequency and local
Reynolds number based on boundary-layer thickness must
be specified along the surface; the latter quantity is fixed by
the freestream unit Reynolds number. Only a finite band of
frequencies need be considered since all disturbances with
frequencies above a certain level are not amplified and fre-
quencies below a certain level do not begin being amplified
until another, higher-frequency disturbance, has already led
to transition. If, for example, laminar flow existed over the
whole body there would be a lower limit corresponding to that
frequency which is not amplified until the trailing edge.
Thus, the laminar boundary layer on a finite body can be
considered as an amplifier for a select frequency band.

The amplification rates that are obtained from solutions
to the O-S equation are integrated for a fixed frequency,
with respect to the streamwise coordinate from the point of
neutral stability, yielding the natural logarithm of the ampli-
fication factor a(X). The amplification factor at a given
location past the point of neutral stability represents the
ratio of the magnitude of the disturbance at X to its value at
the neutral point. At a given location the amplification fac-
tor is a function of frequency exhibiting a maximum. The
disturbance producing the maximum value of the amplifica-
tion factor at transition is assumed to be the one that causes
transition in the present investigation.

A logical justification for using maximum amplification
factors to predict transition has been given by Liepmann.¢
It is suggested in this reference that where the Reynolds
shear 77 first reaches the magnitude of the laminar shear 7.
be taken as the location of transition. This eriterion is given

by
[(rr)max/T2) = (1/cs1) (kb /1e)n2a(X) linax

where b = v’/u’ (ratio of y fluctuation velocity component to
x velocity fluctuation component), ¢;;, = laminar skin-

friction coefficient, & = u'v'/uv (correlation coefficient).

The preceding expression contains the product of a term
representing the turbulence level at the beginning of transi-
tion (neutral point) (u'/u.)s, and a ratio of levels over the
transition region ¢(X). Thus an exact treatment, in order
to be consistent with Liepmann’s theory, should consider the
actual magnitude of the disturbance level for correlation
purposes. It is found from experimental data that at transi-
tion ¢(X) is the major variable, which for most cases is the
order of at least ¢®, in the previously mentioned expression.
Therefore, in any first-order correlation study, variations of
the other factors are neglected.

2.1 Computation of Amplification Rates

Details of the numerical techniques employed in this in-
vestigation to obtain stability data ean be found in Refs. 11
and 12; hence only the basic equations and general features
of the numerical analysis are given here.

Combining the equations of momentum and continuity
for unsteady two-dimensional flow of an incompressible fluid
yields the following equation of motion in terms of vorticity
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$(tayy) and stream function ¥(fz,y):
ot/ot = (i/R)AY -+ (0F/0x)0f/dy — (0¥ /0y)of/dx (1)
where
(=AY @

The aforementioned equations have been made dimensionless
by normalizing length with respect to 6, the boundary-layer
thickness, velocities with respect to u. and time by 6/u.. The
stream function ¥ is replaced by a mean value ¢, and a super-
imposed small disturbance . Assuming the mean stream
funetion satisfies conditions of parallel flow we have

¥ = do(y) + ¢@yb) ®3)

Furthermore, it is assumed that the disturbance stream
function can be represented by a Fourier series and that the
nonlinear disturbance terms can be neglected. A single dis-
turbance mode is given by

¥ = o(y)e== (4)

known as a Tollmien-Schlichting wave. Substitution of the
quantities given by Eqgs. (2-4) into Eq. (1) leads to the Orr-
Sommerfeld equation

U=l —ate) = U'¢ =
—(@/aR)(¢""" = 27¢" + a'e) ()

where primed quantities are derivatives with respect to y, «
is a complex number of which the imaginary part «; is the
disturbance amplification rate and the real part «, the wave
number, and ¢ is a complex number of which the real part
¢ is the phase speed. Assuming the disturbance is spatial
imposes the restriction that the product ac is real and rep-
resents the disturbance frequency w, ac = Rw (real). The
quantity U is a function representing the dimensionless ve-
locity profile and R the Reynolds number. wu/u. = Ul(y),
R = usb/v. The boundary conditions on Eq. (5) are

y=0 @o=9¢ =0 (6)
p=9¢ =0 @

The homogeneous boundary conditions lead to a boundary
value problem of the eigenvalue type in turn leading to the
solution of a secular equation of the form

Fla,0,R) =0 8)

The quantity 6 is arbitrarily taken as the distance from the
wall at which the velocity is 0.999 of its value (U = 0.999)
at the edge of the boundary layer. The final results, for
convenience, employ Rs+ the Reynolds number based on dis-
placement thickness rather than R as a parameter.

As the edge of the boundary layer is approached U — 1,
and Eq. (6) has the following two solutions satisfying the
proper boundary conditions as y — o

y—> o

o1 = exp(—ay) )
@2 = exp{—(a® + iaR[l — ¢V (10)

These two linearly independent solutions are taken as
initial conditions at y = 1. Using these two solutions, Eq.
(5) is integrated from y = 1 towards the surface; at the sur-
face they are combined linearly to satisfy boundary condi-
tions. Round-off errors can lead to a deterioration of the
linear independency of ¢ and ¢, at large values of R during
integration of Eq. (5) from the boundary-layer edge to the
wall. This difficulty is circumvented by applying the tech-
nique of Gram-Schmidt orthogonalization.’® Individual
solutions are considered as vectors in a function space having
components (¢, @', ¢'’, ¢’’’). To insure linear independence
at the end of each integration interval, the initial solutions
¢ and ¢» are orthogonalized.'* That is, at the end point of
an integration interval yx, orthonormal solutions & (yx) and
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@o(yx) are constructed from ¢i(yr) and ¢s(yz) using the
relations

&) = exk)/|e2(k)| a1

&1yn) = o(yr) — lelye) - B2(ye) 182(yn) (12)

The quantities @ and &. satisfy the O-8 equation and &
can be considered as purified from any vector component of
©2.
Since the solution to Eq. (5) is an eigenvalue problem,
specification of the Reynolds number B and frequency o
will yield a solution satisfying the boundary conditions only
for properly selected values of a [see Eq. (8)]; thus an
iteration procedure is employed to obtain the proper eigen-
values. The functions @ and @ are linearly combined at the
surface to obtain the eigenvalues. A linear combination &
that is a solution to Eq. (5) is given by

$ = & + By (13)
where B is obtained from the requirement that
$0) + K$'(0) = 0 (14)

and K is an arbitrary constant. It is pointed out that while
exact eigenvalues can be obtained the eigenfunctions ean
only be obtained to within an arbitrary constant. The
absolute turbulence level at the edge or at any specified point
within the boundary layer is needed to determine this con-
stant. The condition that the boundary-layer admittance
Z(a,w,R) vanish is substituted for the condition ®(0) = 0
where Z is given by

Z(a,w,R) = —a?RP0)/[®"'(0) — «2®'(0)] (15)

and P satisfies Eqs. (13) and (14). Thus the problem of
satisfying the boundary conditions reduces to that of finding
the value of « which causes the admittance to vanish. Since
Z and « are complex and w and R are specified, in functional
form, the problem reduces to finding the roots of

Z, = Z{ana;) =0 16)
Zi = Zi(ap,05) = 0 (17)

Because of the acute sensitivity of the topology of Z to small
changes in ¢, standard iteration techniques proved unsuitable
to solve these equations. For example, the use of Lagrange-
type interpolation employed by Landahl and Kaplan proved
unsatisfactory for the Reynolds number range of interest.
The procedure adopted is to fit a plane to three successive
trial points of the form

Z = ag + v + asZ; (18)

where the coefficients a are complex. The first two trial
points are based on estimates or extrapolations of previously
obtained eigenvalues, the third from a linear prediction based
on the first two; thereafter Eq. (18) is employed. One free
parameter, namely K in Eq. (14), can be employed to modify
the topology of the surfaces given by Eqgs. (16) and (17).
It is found that using a value of U’’(0)/¢ for K is convenient
for numerical purposes.

The velocity profiles needed are obtained from numerical
solutions to the laminar boundary-layer equations. The
form of the partial differential equation solved is given in
Ref. 15. The problem of solving the partial differential
equation is reduced to that of solving, consecutively, a set of
ordinary differential equations by first replacing the stream-
wise derivatives with a least-square approximation and the
ordinary equations which are of the nonlinear boundary value
type are then solved using an initial value variational
technique.®

2.2 Determination of Amplification Factors

Figures 1-3 demonstrate typical computed stability char-
acteristics of veloeity profiles corresponding to a favorable
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(-a; /R) x 107

10° 10 10f
Rg

Fig. 1 Stability chart—stagnation point flow.

pressure gradient, zero pressure gradient, and adverse pressure
gradient. The profiles used are from solutions to the Falkner-
Skan equation for different values of the Hartree parameter
B, where 8 = 1 for stagnation flow, 8 = 0 flat-plate flow, and
B = —0.1988 for separation flow.!? The disturbance fre-
quency w is plotted as a function of Reynolds number based on
boundary-layer displacement thickness for various values
of the normalized dimensionless amplification rate o;/R where
the dimensionless amplification rate c; is related to the di-
mensional amplification rate ax (length) = through

oi/R = aiv/u. (19)

Only curves for neutral and amplified disturbances (a; <

R Aot

- (-o; /Ry x10°
I 9

Fig. 2 Stability chart—flat plate flow.
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Fig. 3 Stability chart—separating flow.

0) are shown. The lower branch of the curve for a; = 0
determines the relation between the frequency and the
Reynolds number corresponding to neutral stability. Tak-
ing z+ as the dimensional curvilinear coordinate measured
along the surface, the total apparent amplification (amplifi-
cation factor) of a fixed frequency disturbance from the
neutral point to some location z+ downstream is given by

exp — L 9: a;dz, (20)

wy = (U?/v)w = const

Il

a

In terms of dimensionless quantities this expression becomes

a(X) = exp —Ry, f; <%)<ul>dx @1)

oW/ U.)? = const

where X = x4/L, Rr = uol/v, L = characteristic body
length (chord length on airfoil).

It is pointed out that the amplification factor is actually
an apparent amplification of a fixed frequency disturbance
since the disturbance may not be of the form given by Eq.
(4) and in the vicinity of transition the linearized theory may
break down.

Thus by specifying the freestream Reynolds number, the
variation of u./u. with X, and determining the variation”of
{a:/R) with X from stability theory the amplification factor
at any location and in particular at the point of transition
X can be evaluated. Stability charts such as shown in
Figs. 1-3, strictly speaking, can only be used to obtain ampli-
fication factors for similar flows. That is, each of these
figures exhibit the stability characteristics of a velocity profile
U which is invariant with X; the amplification rate for a
fixed frequency varies with X only because the quantity B
[see Eq. (5)] varies with X. In general, flows are nonsimilar
and the amplification rate varies due to a variation of both
U and R with X. In the present analysis a step-by-step
calculation is employed marching downstream. At each
streamwise location the velocity profile U is first determined
numerically and then the amplification rate o for the specified
value of R at that location, is obtained for each frequency
considered. Determination of a complete stability chart
for each velocity profile considered is unnecessary since
amplification rates over a select frequency band are needed
for that profile only for a single Reynolds number in order
to obtain amplification factors in any given case.
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14 — —
——— MAXIMUM AMPLIFICATION ‘

1

TRANSITION

| — (ReF171—

tot—————
| TRANSITION
i (REF. 2)

Fig. 4 Amplification factors—flat plate.

As mentioned earlier, the value of a(X) at any particular
location will vary with the frequency of the disturbance and
exhibit a maximum, a.; for correlation purposes the maxi-
mum value of the amplification factor at transition @.(Xe)
will be considered.

3. Results and Discussion

Numerical results are given for axisymmetric and two-
dimensional bodies at various freestream Reynolds numbers.
The bodies studied are those for which transition data at low
freestream turbulence levels is available. Not all of the
available data to date has been examined; further studies are
being continued, and as new data becomes available it too
shall be incorporated in the present analysis. The following
bodies were investigated: 1) flat plate, experimental data
taken from Refs. 2 and 17; 2) symmetrical airfoil NACA 0012,
data from Ref. 18; 3) upper and lower surfaces of NACA
35-215, data from Ref. 19; 4) upper and lower surfaces of
NACA 6515-114, data from Ref. 20; 5) axisymmetric body
of revolution of fineness ratio 9.0, data from Ref. 21; 6)
axisymmetric body of revolution of fineness ratio 10.0, data
transmitted by private communication with NPL, England.

Figure 4 shows the variation of the natural logarithm of
the computed amplification factors with R, for flow on a flat
plate over a dimensionless frequency band, w«r/u.?, ranging
from 2 X 1073to 4 X 1075, These frequencies were chosen
since they produce maximum amplification in the neighbor-

0.8 Ok

© EXPERIMENTAL
~—— CALCULATED

¢} 2 4 6
Ue Y2
(72) "%
UXy

Fig. 5 Velocity profile comparisons—NACA 0012, C. = 0.

SPATIAL AMPLIFICATION FACTORS AND TRANSITION 305

1.0
&
R_=7.0x10 5
WxI0
0.8 F‘ ‘ B 3.0
\
os == g5
L 50—

o.4—AL—1

0.2 — e

( \

%-12 0.2 03

Yig. 6 Amplification rates—NACA 0012, C; = 0.

hood of transition. The envelope of these curves represents
the maximum amplification factor. The variation of Ina
with frequency at a given location can also be seen. Schu-
bauer and Skramstad? observed transition at a value of R, =
2.84 X 105 and subsequently Wells Jr.1® observed transition
at B, = 4.9 X 10°% under low freestream turbulence condi-
tions. The higher value of R, is attributed'” to ecareful
suppression of acoustical disturbances assumed present in the
earlier experiments of Schubauer and Skramstad. The com-
puted values of Ina. at the two observed locations of tran-
sition are 8.3 and 11.8.

The laminar velocity profiles for the NACA 0012 airfoil
were computed using the experimental pressure distribution
given in Ref. 18. Typical examples of comparisons between
computed and measured velocity profiles are shown in Fig.
5. The variation of amplification factor with dimensionless
surface distance z, (z+/L), was determined for freestream
Reynolds numbers, Bz of 2.5 X 10% 5.0 X 10% and 7.0 X
10%; the observed locations of transition, X, for these condi-
tions are 0.49, 0.355, and 0.32, respectively. Figure 6 shows
a plot of the dimensionless amplification rate [integrand in
Eq. (8)] as a function of X beginning at approximately the
point of neutral stability (aix = 0) for frequencies in the
neighborhood of that producing maximum amplification at
transition for the highest freestream Reynolds number (Rz =
7.0 X 108 considered. It can be seen from this figure that
the amplification rate is not necessarily a monotonic function.
The amplification factor (the integral of the amplification
rate) is monotonic, however, unless the disturbance is damped
after it has once been amplified. Figure 7 shows the vari-
ation of amplification factor with X over a band of frequencies
at By = 7.0 X 10%; in addition the variation of amplifica-
tion factor with frequency at transition is shown. Figure 8
shows the variation of the experimentally observed location
of transition with freestream Reynolds number and that
which would be theoretically predicted based upon the con-
stant amplification factors of e'* and e'2

Amplification factors were computed for the upper and
lower surfaces of the NACA 35-215 airfoil at a freestream
Reynolds number Rz of 26.7 X 10° and lift coefficient of
0.238.1* Under the most favorable conditions the observed

14— -
R =7.0x108 \ 5
12 [
i TRANSITION —

‘ (RER18)

e———— 10 :
lnqag \
8 T
wx 109 41_1 X=0.32 _N |
30 Pyl
2'?, 22 3 4 5 8 7
5.0 wx 108
&0 |
3 4 5
X

Fig. 7 Amplification factors—NACA 0012, C1 = 0.
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| . — — EXPERIMENTAL
(REF. 18)
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0.5 < ‘ ;
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La um‘/‘
" 1 | ——
0.2 12
L |
0.2 3 4 5 3 7 8

R, x107®

Fig. 8 Predicted and experimental location of transi-
tion—NACA 0012, C;, = 0.

transition Reynolds numbers, R,, during flight tests were
found to be 15.4 X 10° and 10.2 X 108, corresponding to frac-
tions of chord of 0.45 and 0.30 for upper and lower surfaces,
respectively. According to Ref. 19 transition may have been
influenced by waviness on the lower surface. The computed
values of Ina,, for the upper and lower surfaces at transition,
for the aforementioned conditions, are 9.9 and 9.0, respec-
tively. Figure 9 shows computed amplification factors on
the lower surface over a range of frequencies in the neigh-
borhood of that producing maximum amplification.
Amplification factors were obtained for the upper and
lower surfaces of the NACA 625-114 airfoil at freestream

Y e I I
| RL=267x10° | -
Y e

TRANSITION

Fig. 9 Amplification factors—lower surface NACA 35-215,
CL = 0.238.

Reymnolds numbers, Rz, of 25.0 X 105 35.0 X 10f, and 45.0 X
10%.  Figure 10 shows the observed location of transition X,
(Ref. 20) as a function of Rz and theoretically predicted
values based on a maximum amplification factor of ¢°,

Amplification factors on a body of revolution of fineness
ratio 9:1 (Ref. 21) were obtained at B, = 10.9 X 10%,6.65 X
10%, and 5.2 X 10%. The maximum amplification factors at
transition for these Reynolds numbers are 8.9, €55 and €9,
respectively. A comparison between the experimental loca-
tion of transition and the theoretical location based on an
amplification factor of €7 is shown in Fig. 11.

07, I
' ‘ —————— EXPERIMENTAL ‘\
| B (REF.20) ‘

0.6 -7 i
i ! —&—— THEORETICAL |

\ (£n ag =10)

=7
R x 10

Fig. 16 Predicted and experimental location of transi-
tion—NACA 65015)-114, C1. = 0.14.
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Fig. 11 Predicted and experimental location of transi-
tion—body of revolution. Fineness Ratio = 9:1.

Figure 12 shows a comparison between the experimental
and theoretical location of transition over a range of free-
stream Reynolds numbers from 6.3 X 10 to 14.0 X 108 on a
body of revolution of fineness ratio 10:1 (the experimental
data was obtained from private communication with N,
Gregory, NPL, England). The body is a paraboloid from
the stagnation point up to z = 0.35, followed by a cylinder
which extends downstream of the point of transition for the
range of Reynolds numbers considered here. A good correla-
tion between the experimental and theoretical location of
transition is obtained for a constant maximum amplification
factor of ¢%7.

1t can be seen from Figs. 8, 10, 11, and 12 that good correla-
tions between the experimental and theoretical location of
transition can be obtained using a constant amplification
factor. Generally speaking there is a tendency for the pre-
dicted location of transition to be low at the lower end of the
Reynolds number range and high at the higher end of the
Reynolds number range investigated for any particular body.
For example, Fig. 8 shows that the predicted location of
transition based on a,, = €2 is slightly high at B, = 7.0 X
10%.  Similar behavior is noted for the other bodies investi-
gated. One explanation offered is that as the freestream unit
Reynolds number is increased the tunnel turbulence level
increases and thus less total amplification is necessary to
produce transition sinece the background disturbance ampli-
tudes are larger to begin with.

Table 1 contains a summary of computed and experimental
transition data. The data would seem to indicate that a
good over-all correlation based upon a constant amplification
factor can not be obtained due to the large variation of this
quantity with the location of transition. However, it
should be kept in mind that in attempting to predict transi-
tion a value of a., is first chosen and what must be examined
is the variation of the predicted transition location with
amplification factor. Figure 13 shows the correlation ob-
tained based on a maximum amplification factor of e, It
is pointed out that high freestream turbulence levels and
large amounts of surface roughness would tend to decrease
@~ at transition. The over-all correlation, however, at least
for two-dimensional bodies, is quite good.
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.35 . ; S
i \\
i ! \\&
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‘306 7 8 9 10 1] 12 13 14 15
-6
R x10

Fig. 12 Predicted and experimental location of transi-
tion—NPL body of revolution. F.R. = 10 : 1.
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Table 1 Summary of transition data
(uw/») X 1076

ft—1 Rr X 107% R, X 1078 Xi: wpe X 1052 In an Body Comments Ref.
2.84 2.8 8.3 Flat plate wind-tunnel test 2
4.90 2.0 11.8 wind-tunnel reduced 17

background noise

0.5 2.50 1.39 0.490 7.2 12.1 NACA 0012 C1, = 0; wind-tunnel 18

1.0 5.00 2.08 0.355 5.2 10.6 test

1.4 7.00 2.64 0.320 4.5 10.5

1.57 26.7 15.4 0.453 1.5 9.9 NACA35-215top CL = 0.238; lower 19

surface inferior,
1.57 26.7 9.0 0.299 1.7 9.0 NACA35-215 flight test
bottom

3.53 25.0 13.6 0.414 1.6 9.5 NACAG65@s)-114  Cr = 0.14; good 20

4.94 35.0 15.8 0.346 1.7 9.9 top data, surface

6.36 45.0 16.8 0.291 1.5 10.0 waviness begins at

3.53 25.0 14.3 0.470 1.5 10.2  NACA 65@15-114 X = 0.37, wind-

4.94 35.0 16.4 0.385 1.4 9.7 bottom tunnel test

6.36 45.0 16.3 0.300 1.2 8.9

1.36 10.9 3.35 0.28-0.31 4.5 6.9  Body of revolu- wind-tunnel test 21

0.83 6.65 3.42 0.48-0.52 3.6 6.8 tion F.R. = 9:1

0.65 5.20 3.74 0.69-0.72 3.0 7.9

0.933 14.0 4.45 0.306 3.5 9.7  Body of revolution wind-tunnel test b

0.667 10.0 3.87 0.385 3.75 10.2 FR.=10:1

0.420 6.3 2.91 0.458 4.0 9.5

2 Frequency producing maximum total amplification at transition, values accurate to w1thm +=69,.

b Communicated by N. Gregory; NPL, England, 1955.

All the data with the exception of that for NACA 35-215
were obtained in wind tunnels. It is likely that the disturb-
ance frequency-amplitude distribution characteristic of the
particular tunnels had an effect on the results; hence, it is felt
that a better correlation than that shown in Fig. 13 would be
- obtained using only free-flight test data. The present an-
alysis could be modified to include the effect of the freestream
disturbance frequency-amplitude distribution; however, the
added complexities would greatly increase the effort necessary
to predict transition.

The present results are encouraging in regard to the possi-
bility of applying stability theory to the problem of pre-
dicting transition. In addition to including the effect of the
freestream turbulence level, further refinements should take
into account!* the ratio of y velocity component fluctuation
to z velocity component fluctuation and the Reynolds shear
stress. It is pointed out that these quantities can also be
obtained with the aid of stability theory, being directly related
to the eigenfunctions satisfying the Orr-Sommerfeld equation.

One objection to the present analysis is that it is restricted
to equations of motion in which the disturbances have been
linearized. The success of such an approach will ultimately
depend upon to what extend the transition region can be
aceurately represented by the linear theory. As of yet this
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o FLAT PLATE (REF. 17)

© NACA 0012 (REF.18)

& NACA 35-215 TOP (REF.19)

9 NACA 35-2I5 BOTTOM (REF.19) |

@ NACA 656y (14 TOP (REF. 20)

8 NACA 65(5,57 14 BOTTOM (REF.20) | _
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Fig. 13 Over-all correlation of transition data.

question has not been answered and it is felt that the limita-
tions of linear theory should first be fully explored before
attempting the more difficult task of applying nonlinear
theory.
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Hypersonic Similarity Solutions for Airfoils Supporting
Exponential Shock Waves

J. D. CoLe* AND JEROME AROESTYT
The RAND Corporation, Santa Monica, Calif.

The flow behind concave and convex exponential shock waves is investigated from the view-
point of inviscid, hypersonic small-disturbance theory. The supporting two-dimensional
airfoil surfaces (which are in general not exponential) are determined, and the optimum such
lifting surface, in terms of maximum Cz¥2/Cj for fixed Cp is shown to be only slightly more
concave than a flat plate, and the improvement in performance over a flat plate is small. A
limit line is shown to exist in the flowfield behind convex exponential shock waves, so that it
is not possible to construct an airfoil that supports an exponential shock wave over its entire
length if the nose curvature is too large. Itis also indicated that this relatively refined theory
must be used for studies of performance and optimization, since the results of Newtonian
theory ave only gualitatively applicable if v is not unity.

Nomenclature
¢t = (y — 1)/2y
Cr = L/(pxU?2), Co = D/(p-U?/2)
D drag
F(z) dimensionless body height
L lift
P pressure
P dimensionless pressure [see Eq. (5)]
p* (v + 1)/2p [see Eq. (28)]
q velocity

dimensionless shock height

freestream velocity

dimensionless velocity components

(v + 1)/2v [see Eq. (29)]

z — £ (distance from shock along streamline)
specific heat ratio, Cp/Cv

thickness ratio

dimensionless shock slope

z location of streamline, where it crosses the shock wave
density

density ratio [see Eq. (6)]

stream function
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I. Introduction

THE applications of hypersonic gas dynamics have in re-
cent years been concerned with various aspects of re-
entry and missile phenomenology, whereas the development
of criteria for the study and optimization of lifting and con-
trol surfaces has not been actively pursued. Because of
this, there are few theoretical results relevant to the estima-
tion of shock-wave/body interference phenomena and to the
prediction of the effects of surface shape on control effective-
ness in hypersonic flight. However, one well-known result,
the “Newtonian chine strip,” obtained using Newtonian gas
dynamics, suggests that for a fixed drag penalty, surface con-
cavity can result in an enhanced lift-to-drag ratio.

In the present paper this conjecture is subjected to a
systematic investigation, in which the flowfield over a class
of two-dimensional lifting surfaces (those which support ex-
ponential shock waves) is examined from the viewpoint of
inviseid, hypersonic small-disturbance theory, and the effect
of varying surface concavity on lift-to-drag ratio is then deter-
mined for fixed drag.

For M, = « and in the framework of inviscid, hypersonic
small-disturbance theory, hypersonic similarity solutions with
power law shocks and corresponding power law body shapes
are well known.f In Ref. 3, it is indicated that a limiting
case of similar flowfields with power law shocks is the flow-

I See Refs. 1 and 2 for a review of these results.



